We prove a spectral mapping theorem for scalar type spectral operators and apply it to extend the weak spectral mapping theorem and the generalized Lyapunov stability theorem, known to hold for the C 0 -semigroups of normal operators on complex Hilbert spaces, to the more general case of C 0semigroups of scalar type spectral operators on complex Banach spaces. We also establish for the latter an analogue of the Gearhart-Prüss-Greiner characterization of the uniform exponential stability for C 0 -semigroups on complex Hilbert spaces.
Introduction
We prove a rather general spectral mapping theorem for scalar type spectral operators and apply it to effortlessly extend the weak spectral mapping theorem (see, e.g., [8, Corollary V.2.12] ) and the generalized Lyapunov stability theorem (cf. [8, Theorem V.3.7]), known to hold for the C 0 -semigroups of normal operators on complex Hilbert spaces, to the more general case of C 0 -semigroups of scalar type spectral operators on complex Banach spaces. For the latter, we also establish an analogue of the Gearhart-Prüss-Greiner characterization of the uniform exponential stability for C 0 -semigroups on complex Hilbert spaces [8, Theorem V.3.8 ] (see also [9, 10, 19] ).
Providing certain necessary preliminaries, we emphasize throughout the discourse that the requirement of the scalar-type spectrality of the operator/semigroup generator is essential.
2. Preliminaries 2.1. C 0 -Semigroups.
As is well-known known, a C 0 -semigroup {T (t)} t≥0 (of normal operators) on a complex Hilbert space generated by a normal operator A is subject to the following version of the weak spectral mapping theorem: σ(T (t)) = e tσ(A) , t ≥ 0, (σ(·) is the spectrum of an operator and · is the closure of a set in the complex plane C) (see, e.g., [8, Corollary V.2.12] ).
The original version of the weak spectral mapping theorem for a C 0 -semigroup
An arbitrary C 0 -semigroup {T (t)} t≥0 on a complex Banach space with generator A subject to the weak spectral mapping theorem (WSMT) satisfies the spectral bound equal to growth bound condition:
is the spectral bound of the generator A and
is the growth bound of the C 0 -semigroup {T (t)} t≥0 (see, e.g., [8, Proposition V.2.3] ) (see also [17] ).
Remarks 2.1.
• In general, for a C 0 -semigroup {T (t)} t≥0 on a complex Banach space with generator A,
• A stronger version of the weak spectral mapping theorem (WSMT) for a C 0semigroup {T (t)} t≥0 on a complex Banach space with generator A, called the spectral mapping theorem, is as follows:
• Any eventually norm-continuous C 0 -semigroup {T (t)} t≥0 on a complex Banach space, i.e., such that, for some t 0 > 0, the operator function
(L(X) is the space of bounded linear operators on X) is continuous relative to the operator norm · , is subject to the spectral mapping theorem (SMT) (see, e.g., [ The asymptotic behavior of a C 0 -semigroup {T (t)} t≥0 on a complex Banach space with generator A satisfying the spectral bound equal to growth bound condition (SBeGB), and hence, of the weak/mild solutions of the associated abstract evolution equation y ′ (t) = Ay(t), t ≥ 0, [2, 8] (see also [13] ), is exclusively determined by the location of the spectrum σ(A) of its generator A in the complex plane C as described in the following generalization of the classical Lyapunov Stability Theorem [8, Theorem V.3.6] (see also [12] ).
Theorem 2.1 (Generalized Lyapunov Stability Theorem).
A C 0 -semigroup {T (t)} t≥0 on a complex Banach space with generator A, for which the spectral bound equal to growth bound condition (SBeGB) holds, is uniformly exponentially stable, i.e., ω 0 < 0, or equivalently,
Scalar Type Spectral Operators.
A scalar type spectral operator is a densely defined closed linear operator A in a complex Banach space (X, · ) with strongly σ-additive spectral measure (the resolution of the identity) E A (·), assigning to Borel sets of the complex plane C projection operators on X and having the operator's spectrum σ(A) as its support, and the associated Borel operational calculus, assigning to each extended complexvalued Borel measurable function F :
= 0 (here and whenever appropriate, 0 designates the zero operator on X) a scalar type spectral operator in X
Remark 2.2. In a complex finite-dimensional space, the scalar type spectral operators are those linear operators on the space, which furnish an eigenbasis for it (see, e.g., [5, 7] ) and, in a complex Hilbert space, the scalar type spectral operators are those that are similar to the normal operators [20] .
Due to its strong σ-additivity, spectral measure is bounded, i.e., there exists an M ≥ 1 such that, for any Borel set δ ⊆ C,
(see, e.g., [6] ).
Remark 2.3. The notation · is used here and henceforth to also designate the operator norm on L(X).
As is shown in [14] , a scalar type spectral operator A generates a C 0 -semigroup (of scalar type spectral operators)
[14, Proposition 3.1] (cf. also [3, 18] ). |µ − λ| > 0 (see, e.g., [16] ).
Spectral Mapping Theorem for Scalar Type Spectral Operators
By the properties of the Borel operational calculus,
where M ≥ 1 is from (2.1) (see [7, Theorem XVIII.2.11 (c)]).
Hence, λ ∈ ρ(F (A)) (ρ(·) is the resolvent set of an operator), and thus, we have:
or equivalently,
Let now λ ∈ ρ(F (A)) be arbitrary.
By the properties of the Borel operational calculus (see, e.g., [7] ),
is the resolvent of an operator), and hence, necessarily the function
This implies that E A -ess inf Assume that
Jointly, (3.4) and (3.5), imply that
By the continuity of F : σ(A) → C the set F −1 (∆ r ) is open in σ(A) (see, e.g., [16] ), which, since the latter is the support for the spectral measure E A (·) (see Preliminaries), implies that
However, in view of (3.3), by the additivity of spectral measure (see, e.g., [7] ), we have:
Whence,
which contradicts (3.6) proving that
Jointly, (3.4) and (3.7) imply that
Hence,
and thus, we have:
Inclusions ( • As is seen from the proof, the inclusion
does not require the continuity of F : σ(A) → C, and hence, is valid for any Borel measurable such function.
• In [1] , an analogue of the prior theorem is proved for an arbitrary spectral operator A (not necessarily of scalar type) in a complex Banach space (see, e.g., [4, 5, 7] ), with a function F : σ(A) → C satisfying significantly more restrictive conditions (see also [7, Theorem XVIII.2.21] ).
We immediately obtain 
Weak Spectral Mapping Theorem
Applying Theorem 3.1 to the continuous exponential functions (1 ≤ p ≤ ∞), which is nilpotent, and hence, not scalar type spectral (see, e.g., [7] ) and generates the uniformly continuous semigroup of its exponentials
with e tA , t ≥ 0, being the bounded linear operator of multiplication by the 2 × 2 matrix 1 t 0 1 , readily demonstrates that the converse statement is not true.
Generalized Lyapunov Stability Theorem
With the spectral bound equal to growth bound condition (SBeGB) satisfied for C 0semigroups of scalar type spectral operators, we instantly obtain 
Analogue of Gearhart-Prüss-Greiner Characterization
The properties of the Borel operational calculus afford the following analogue of the Gearhart-Prüss-Greiner characterization of the uniform exponential stability for C 0 -semigroups on complex Hilbert spaces [8, Theorem V.3.8 ] (see also [9, 10, 19] ). 
Proof.
Necessity. Suppose that the semigroup is uniformly exponentially stable. Then [8, 11] 
contradicting (6.9).
The obtained contradiction proves the sufficiency part concluding the proof of the entire statement. Observe that any of the two prior relationships implying that the operator A is not a scalar type spectral (see [15] and Theorem 5.1).
Since, for all λ ∈ C with Re λ > −1,
R(λ, A) ≤ R(Re λ, A)
(see [8, Comments V.3.9]), by the celebrated HilleYosida-Feller-Miyadera-Phillips Generation Theorem (see [8, Theorems III.3.5 and III.3.8]) (see also [11] ), sup
Re λ≥0 R(λ, A) < ∞.
However, since T (t) = 1, t ≥ 0, the semigroup is not uniformly exponentially stable.
This example shows that the condition of the scalar type spectrality of the generator for the sufficiency in the prior characterization is essential and cannot be dropped.
